AbstrPeL A separable billiard V l e m in the hyperbolic strip, a panicular realization of the hyperbolic plane, is investigated. W mnsidcr a rectangle bunded by straight lines in the hyperbolic strip as an approximation of either a regular onagon with area A = 4r, or of a hyperbolic Actangle bunded Ly geodesics, respectively. Due to the simple geometry of our approximation the Schmdinger equation is separable, and l a d s to simple uanscendental equations for the eigenvalues in terms of Legendre functions.
Introduction
In recent years billiard systems have become increasingly popular. This is, of murse, due to the accessibility of more powerful computers. Of special interest have been systems which allow the considerations of trace formulae. Let us mnsider a twodimensional system. Tike a test function h ( p ) = h(-p), decreasing faster than l/lplz for [ p i + CO and which is holomorphic in some appropriate strip Im(p). The motion of a classical particle in this two-dimensional system can described by its orbits. The trace of the propagator of the mrresponding quantum system means that (in the sense of the semiclassical approximation) only the periodic orbits are relevant. Such trace formulae (Gutmiller [l] ) have provided powerful techniques in analysing the classical and quantum properties of chaotic billiard systems (see Riedrich and
Wintgen [2] , Sieber [3] and Sieber and Steiner [4] and references therein).
In the study of such billiard systems on Riemann surfaces, i.e. on compact polygons on the Poincar6 upper half-plane 71 (Labachevsky plane, hyperbolic plane) one is naturally led to the Selberg trace formula [5, 6] which is, however, an exact formula. Endowed with periodic boundaly mnditions these systems are highly chaotic (ergodic) and serve as an important example in the study of quantum chaos (quantum chaology [7] ). Aurich et a1 [8, 9] have achieved for these particular systems a great deal of understanding, such that these systems can be understood as being numerically solved, including coming closer to an answer to the question 'Can one hear the shape of a drum?' [lo, U]. Another important billiard system is Artin's billiard, which has an application in the theory of the early universe [12] . Here similar results muld be obtained [13] .
In this paper I want to study a particular approximation of a hyperbolic polygon in the hyperbolic strip (see figure 1) . It is constructed as follows. Let Usually the classical motion in a finite domain in hyperbolic geometry is chaotic.
Consequently the quantum motion reflects some of the chaotic properties of the chaotic classical motion, e.g. there is in general level repulsion. However, are there simple models which are nevertheless separable and resemble some properties of hyperbolic space? Let us for example consider the motion in a bounded domain in a hyperbolic g e o m e y where the boundaries are geodesics (with zero curvature). The everywhere negative curvature of hyperbolic space now causes that near lying geodesics to diverge exponentially in time evolution, i.e. Explicitly these values are given by Ya = t a n -' (A) = 1.143 717 740.. YB = t a n -' (5;) = 1.384478273... For reasons of practicability and simplicity we now make the choice and denote by the notion 'rectangle in the hyperbolic plane' the rectangle in the strip bounded by the four straight lines as described above. 'hiis particular choice makes a reasonable compromise as to the total number of levels which can be calculated within the region of stability of the numerical investigation by a simple Fortran program. Also the width and length along the X-and Y-axis of this square are almost equal.
In order to set up our quantization mnditions and Weyl's law we must discriminate between four parity classes in the hyperbolic rectangle and the lengths of its boundaries. The rectangle is symmetric with respect to the X-and Y-axis, hence we get the four classes Pl = (+,+), P2 = (+,-), P3 = (-,+) and P4 = (-,-) .
Let us The last two equations are transcendental equations for p , , n = 1 , 2 , . . . and must be solved numerically. Actually one uses the representation
and omits the l/r(l -ip)-factor. The energy of the nthlevel linally has the form E,, = p: + $.
(2.17)
Let us fint concentrate on the (-,-) case, the others are similar, of course.
the mean of the number of energy levels up to. a certain. energy, ie. g ( E ) = {#N(levels with energy E) E < EN 
Here ay denotes the angle of the rth corner, A the area of the system and a A the length of its boundary. Here I< is the Gaussian curvature (here K = -l), d 2 a the surface integral, and the boundary mean cuwature K is given by Note that the vertical lines are geodesics and therefore their length can also be evaluated by the two-point formula in the strip
We have a, = rr/2 (T = 1 , 2 , 3 , 4 ) and therefore for the (X, Y) (odd, odd) states 
Numerical results
The following table shows the first 25 levels for the parity classes (-,-), (-, +), (+,-) and (+,+), respectively. The last figure may be uncertain. The energy levels are ordered according to increasing energy, of course, and in addition I also display the corresponding quantum number-pairing ( I , n ) arising from the X-and Y-quantization condition of the transcendental equations for p,, respectively.
A more comprehensive list of energy levels shows that we have level clustering (degeneracies or almost degeneracies) which are expected for separable systems (compare the short enumeration in table 2). There is also an asymptotic behaviour of the Legendre functions which give for p --t 03 and fixed k, the solution of equations (2.14) and (215) (independent of k,) The check with Weyl's law confirms the data nicely down to the lowest eigenvalues. The staircase (or step function) N ( E ) (solid line) and Weyl's law (dotted line) are hardly distinguishable. See figure 9 for an enlargement. Let us consider 6, = #(levels) -n ( E ) -0.5. . 
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e E(-,-), E(-,+) (lop), E(+*-) and E(+.+) (bottom).
The level spacing distribution P( S) is a short range statistics. Another important tool in the analysis of the spectrum i$ the number variance E'( L ) and the spectral 
E(-*-), E(-,+) (lop), E(+.-) and E(+,+) (botlom).
As the number variance, it characterizes long-term correlations of the energy levels. L,,, corresponds to an outer energy scale a 1/Tm," (the inner energy scale corresponds to L = l), where T,,, is the period of the shortest classical orbit and L,,, a tiN-', and a l/fi for N = 2 (i.e. a wo-dimensional system). The properties of the rigidity are determined by the contributions of the very short orbits. These orbits have a non-universal behaviour, which differ from system to system. As a consequence of the fact that there is a shortest orbit, the spectral rigidity Saturates and approaches a non-universal constant A, as L + 00 (and the same line of reasoning is true for the number variance Cz)
The number variance for a GOE distributed sequences is given by [33,34,36] [3,9,351.
[ n and for cuedistributed sequences [3,9,34,36], respectively, The number variance and spectral rigidity approach their L-and L/15-behaviour, respectively, for L + 0. For L large, the number variance starts oscillating about a mean value and the spectral rigidity approaches a saturation value. This is true for all symmetry classes and for the analysis of the entire square as well.
We can explain our results in terms of the periodic orbit theory of Berry [35].
Of course, Lo is the length on a closed periodic orbit which corresponds to motion along the X-axis. L , with L , = 2 1 n [ ( l +sinY0)/(cos&)] = 2.936147388 ... is the length of an orbit along the Y-axis and is slightly shorter than the former one.
However, these two shortest closed orbits are almost equal such that we can apply Berry's theory of the spectral rigidity in its simplest way.
For a classically integrable system the spectral rigidity approaches for L > L,,, a value A, which is given by A, = constant x Ji', where E denotes the scaled energy range over which the spectral rigidity has been evaluated. In the case of a flat square with sides a = b = 1, A, can be evaluated as neglected, this behaviour explains why C2 saturates much faster than As, see below). Assuming now that our square can be further approximated by a flat square with sides Ri.,ditY (rren.ode1
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Plplre 7. Rigidity As(l)for the four parity classes. In table 3 I have listed the comparison with the numerical results for the spectral rigidity and the theoretical predictions B la Berry for the entire square. A maximum of 952 levels have been taken into account with E < 1000. In the first column I have indicated the number of energy levels N z E taken into account for the calculation of the spectral rigidity, in the second mlumn L,,, according to L , , z m, in the thud A, according to equation (3.16), in the forth the numerical result for the calculated maximum Amax = A,(lOO) of the spectral rigidity, in the fifth the resulting quotient of Amax and 6, and in the sixth and seven the analogue of the former two columns for the corrected numerical A,.
Our numerical results are in agreement with Berry's the0
The mean value for A , , / d is given by 0.097f0.003, whereas for A,/$by 0.099*0.003, in excellent agreement with the theoretical value 0.0947. Note that A='" gives somewhat larger values, which can be explained by the fact that our rectangle in the hyperbolic geometry is a distorted geometrical object with only almost equal sides ( L o Y L,, see above), whereas the semi-classical theory for the spectral rigidity of Berry deals with a flat square. Figure 9 shows an enlargement of the step-function. We can clearly see the excellent agreement with the prediction of Weyl's law. Also we can see the periodic fluctuation about it, a very typical feature of separable systems.
Discussion and summary
In this paper I have discussed a particular quantum billiard in the hyperbolic strip in (%)% compare the results with a typically chaotic model (the regular octagon) in the hyperbolic geometry.
We obtained quantization conditions for the momentum (k, fixed) for even and odd parity, respectively, which are transcendental equations. i.e. the ground state is always an even state, etc. We also noted the proximity of the lowest lying levels of our system to the lowest lying levels of the regular octagon with periodic boundary conditions. However, the statistical properties of the energy levels of our integrable billiard systems compared with the analysis of the chaotic properties of the octagon show no relation to each other. For example, the level statistics for a generic octagon is GOE, i.e. obeying a Wigner distribution, the spectral rigidity does show saturation but the growing behaviour of A , is different. Furthermore the regular octagon is highly symmetric, a property which gives rise to many exactly degenerate energy levels (i.e. the ground level is threefold degenerate). Nothing of these features can be found in our system and no information achieved in the integrable billiard survives in the transition to the chaotic system (compare also the results of [13,24] with each other).
Our results were furthermore checked by Weyl's law m( E), and further statistically analysed by the level distribution P( S), the integrated level distribution I ( S), the number variance C 2 ( S ) and spectral rigidity A,(S). In the case of Dirichlet-Dirichlet boundary conditions the evaluated behaviour for the spectral rigidity (alternatively, the number variance) could be explained by the semiclassical periodic orbit theory of Berry. We found for small values of L the universal L/15-behaviour and saturation for L > L,,,. We found that the number variance showed precocious saturation, whereas the rigidity showed slow saturation. L,, and A, could be calculated by some assumptions about the geometry of our system and theoretical and numerical results were in satisfactorily agreement. For the entire square we found L,,, E 55, A F y E 2.9197 and A="' = 3.118, where A="' was determined by an appropriate fit. The theoretical prediction of the spectral rigidity and the numerical results were in close agreement. It is quite satisfactory that the semi-classical theory of Berry for the spectral rigidity is applied in a straightfonvard and simple way.
I also discussed where the integrability comes from. Pansforming the rectangle into the Poincare upper half-plane or onto the Poincare disc distorts it significantly and no simple treatment Seems obvious, let alone htegrability. However it is known that integrability and non-integrability are mnnected with the long-term behaviour of orbits, Le. whether they have positive Lyapunov exponent, which depends on the focusing and defocusing behaviour of the boundaries. A genuine hyperbolic square tesselating the hyperbolic plane has geodesics as boundaries with curvature Zero, however the space is negatively curved everywhere. The hyperbolic rectangle as investigated is realized in the same geometry but has only two geodesics as boundaries. The remaining hvo (horizontal straight) line have positive curvature, therefore effectively annihilate the chaos-creating negative cumature property of hyperbolic space. Note that the hyperbolic squares, as generated by the matrices (2.7), compare figures l(a-c) , tesselate the hyperbolic plane only in the case of NQ = 2 x with Q as in equation (28), N E N, and the Riemann surface interpretation is not mlid for these squares.
The model of a 'rectangular approximation' of regular or irregular octagons must be considered as not successful, and it remains doubtful whether integrable approximations are able to give information of a suitable corresponding chaotic system at all. However, the present model is a further example of a non-trivial billiard system, in particular the fact that it is a billiard in the hyperbolic plane, a space with everywhere , / ' constant negative curvature.
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